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We report on explicit cosmological solutions within the framework of an inﬂating de Sitter brane
embedded in ﬁve- and ten-dimensional bulk spacetimes. In the speciﬁc example we study the brane
tension is induced by the curvature related to the expansion of a physical 3 + 1 spacetime rather than
by a bulk cosmological term. In a generic situation with nonzero brane tension, the expansion of the
universe accelerates eventually. We also show that inﬂationary cosmology is possible for a wide class of
metrics without violating four- and higher-dimensional null energy condition.
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
The one major development that was not anticipated was the
discovery that the expansion of the today’s universe is accelerating
[1], rather than slowing down. Since an epoch of cosmic acceler-
ation plays an important role in modern cosmological models, it
would be very interesting to know whether or not this effect can
be understood or explained within the framework of fundamental
theories, including superstring and supergravity models.
In recent years, several attempts have been made to ﬁnd ex-
plicit cosmological solutions of ten- and eleven-dimensional su-
pergravity models that allow accelerating universes using time-
dependent scalar ﬁelds or metric moduli [2–4]. Time-dependent
solutions in pure supergravity generally require some of the ex-
tra spaces to be negatively curved, if they are to allow a cosmic
acceleration of the usual 3+ 1 spacetime.
There are a couple of disadvantages of using explicit time-
dependent scalar ﬁelds. First, in many examples studied in the
literature, with maximally symmetric extra dimensions, we usu-
ally obtain only a transiently accelerating universe with time-
dependent volume moduli, see e.g. [3,5,6]. Second, cosmological
solutions with time-dependent scalar ﬁelds usually contain time-
like singularities. This last feature (of a cosmological solution)
is generally unacceptable because generic singularity of a time-
dependent solution in pure supergravity may not have any quan-
tum interpretation.
In [7] it was ﬁrst realized that cosmological solutions without
any time-like singularities can be obtained by introducing one or
more geometric twists in the extra dimensions which generate in
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ing solutions do not lead to a four-dimensional de Sitter (or quasi
de Sitter) spacetime as is required to describe the inﬂationary
epoch of the universe at its early stages and/or the present uni-
verse with a period of accelerating expansion. We therefore seek
to an alternative scenario with warped extra dimensions.
In 1999, Randall and Sundrum in a theory referred to as RS1 [8]
realized that a ﬁve-dimensional braneworld model with a brane
can address the mass hierarchy in particle physics if there is a
second brane some distance away from the ﬁrst, which perhaps
mimics the observed 3+ 1 spacetime. An even more revolutionary
idea was that gravity can be ‘trapped’ (on a brane) and extra di-
mensions may have inﬁnite spatial extent [9]. For this simple and
elegant proposal to work one needs a ﬁve-dimensional anti de Sit-
ter space, i.e. a background geometry which is negatively curved,
which suppresses the effect of warping at the brane’s position or
the 4D hypersurface, leading to a zero cosmological constant. Once
the bulk cosmological term is assumed to be zero then the RS so-
lution would be lost. It is therefore of natural importance (and our
interest) to ﬁnd nontrivial (cosmological) solutions that exist in ﬂat
spacetimes as well.
One simple thing that can happen when we view our ob-
served universe as a cosmological brane embedded in a higher-
dimensional spacetime is that the universe can accelerate because
of an effective four-dimensional cosmological constant induced on
the brane or due to the warping of additional spatial dimensions.
In general, this phenomenon can (and should perhaps) occur when
the tension on the brane(s) is positive.
Following [8,9], we ﬁnd interest in warped metrics that main-
tain the usual four-dimensional Poincaré symmetry, with general
metric parametrization:
ds2D = W (y)2 gˆμν dXμ dXν + W (y)γ gmn(y)dym dyn, (1)
I.P. Neupane / Physics Letters B 683 (2010) 88–95 89where Xμ are the usual spacetime coordinates (μ,ν = 0, 1, 2, 3),
W (y) is the warp factor as a function of one of the internal coordi-
nates and γ is a constant. Non-factorizable metrics as above can be
phenomenologically motivated as in ﬁve-dimensional braneworld
models as well as in ten- and eleven-dimensional supergravity
models with reduced (super)symmetries [10–12]. They can also
arise naturally in string theory compactiﬁcation with ﬂux [13–16].
In this Letter by considering the metric (1), we present ex-
plicit cosmological solutions for which not only the warp factor
is nontrivial but also the physical 3 + 1 spacetime undergoes an
inﬂationary de Sitter expansion, especially, when the brane ten-
sion is nonzero. An intriguing feature of such new solutions is that
the scale factor of the universe becomes a constant only in the
limit where the warp factor W (y) also becomes a constant. In a
sense, the warp factor cannot be a constant except in the region
where the scale factor of the universe is also constant, leading to
a Minkowski spacetime.
For generality, we take the full spacetime dimensions to be D ,
which we split as D ≡ 4 + m ≡ 4 + 1 + q. The internal m-di-
mensional manifold is assumed to be an Einstein space
ds2D−4 = gmn(y)dym dyn
having positive, negative or zero Ricci scalar curvature (R(m) > 0,
R(m) < 0 or R(m) = 0). We should note that the choices made by
Gibbons [10], Maldacena and Nunez [12] and Giddings et al. [15],
with respect to warped compactiﬁcations, are all different. These
are, respectively, γ = 0, γ = 2 and γ = −2. This difference may
not be much relevant in D = 5 dimensions: the reason being that
an arbitrary metric g55(y) times an arbitrary power of the warp
factor is still an arbitrary metric. However, in dimensions D  6,
the choice of γ would be relevant since it ought to be related
to the Ricci curvature of the internal manifold as explicitly shown
in [17]; we just need to relate the coeﬃcient γ to R(m) . Especially,
for the discussion of no-go theorems in [10,12,15], the choice γ is
not very important, for the theorems of these papers ruled out the
existence of de Sitter solutions in pure supergravity just because
of an extra condition on the warp factor, so-called the bounded-
ness condition
∫ ∇2W 4 = ∫ (W 4)′′ − 2γ ∫ W 2W ′2 = 0, which is,
however, not satisﬁed by cosmological solutions, especially, when
the extra dimensions are only geometrically compact and/or when
there are localized sources like branes and orientifold planes. In
our analysis below we shall relax the condition like
∫ ∇2Wn = 0
(where n is some constant) until we are ready to comment on this
part of the problem.
One could naively think that the coeﬃcient γ plays no role
in the discussion of warped compactiﬁcations. The reason is that,
since the metric gmn(y) is arbitrary, an arbitrary metric times an
arbitrary power of the warp factor is still an arbitrary metric. Here
one should also note that the metric gmn(y) is not just a sin-
gle canonical function of y but has more than one components,
(m,n) = 1,2, . . . , (D − 4). In dimensions D  6, one cannot absorb
W γ into gmn(y) just by using some coordinate transformations
unless that each and every components of gmn(y) are equal or
proportional to the same function, say f (y). For clarity, let us take
D = 10 and write the 6d metric as
ds26 = h(y)dy2 + f (y)g˜mn dΘm dΘn, (2)
where g˜mn denote the metric components of the ﬁve-dimensional
base space X5, which are independent of the y coordinate. The
volume factor W γ in Eq. (1) may be absorbed inside dy2 by us-
ing the transformation W γ h(y)dy2 ≡ dy˜2 and also deﬁning a new
function X( y˜) such that W γ f (y) ≡ X( y˜). With these substitu-
tions, the warp factor W 2 multiplying the 4d part of the metric is[X( y˜)/ f ( y˜)]2/γ . The 10D metric still involves two unknown func-
tions and the free parameter γ . That is to say, if we want to write
a general metric ansatz (for the purpose of solving Einstein’s equa-
tions), then we have to allow one more free parameter in the
metric than that were considered in [10,12,15].
It is not diﬃcult to check that only a speciﬁc value of γ would
give a nontrivial cosmological solution, once we specify the 6d
metric or ﬁx the spatial curvature of the internal space. Suppose
we chose γ = 0 and then simultaneously assumed that the inter-
nal space is Ricci ﬂat, then we would not ﬁnd a de Sitter solution
at least in pure supergravity. The story would be similar for some
other speciﬁc choices of γ and/or the internal curvature. For ex-
ample, if we set γ = −2 in (1), then we would ﬁnd a de Sitter
solution only by allowing Y6 to have negative curvature. In view
of this discussion, at this stage we shall keep both the coeﬃcient
γ and the curvature of the internal space arbitrary.
2. An explicit model in D = 5 dimensions
Let us ﬁrst consider a speciﬁc example where the real world
looks like a ﬁve-dimensional universe described by the metric
ds25 = W (y)2 gˆμν dXμ dXν + ρ2W (y)γ dy2, (3)
where ρ is the radius of compactiﬁcation, which may be assumed
to be a constant in the simplest scenario under consideration. The
classical action describing this warped geometry is given by
S = M
3
5
2
∫
d5x
√−g5 R(5), (4)
where M5 is the fundamental 5D Planck scale. Our starting point
is different from that in the RS braneworld models only in that
we take the metric of the usual four-dimensional spacetime in a
general form
ds24 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2 θ dφ2)]
≡ gˆμν dXμ dXν, (5)
where a(t) is the scale factor of the universe. We have allowed all
three possibilities for the physical 3D spatial curvature: ﬂat (k = 0),
open (k < 0) and closed (k > 0). Models similar to the one here
were studied before, see for example [18,19], but an interesting
(and perhaps new) observation is that for the existence of inﬂa-
tionary de Sitter solutions we do not necessarily require a 5D bulk
cosmological constant term.
The three independent Einstein’s equations following from the
metrics (3) and (5) are given by
W ′2 − ρ2
(
a˙2
a2
+ k
a2
)
W γ = 0, (6a)
2WW ′′ − γW ′2 = 0, (6b)
a¨
a
− a˙
2
a2
− k
a2
= 0, (6c)
where · and ′ denote respectively ∂/∂t and ∂/∂ y (or ∂/∂z when
γ = 2). From Eq. (6c) we immediately obtain
a(t) = 1
2
exp
(
μ(t − t0)
ρ
)
+ kρ
2
2μ2
exp
(
μ(t0 − t)
ρ
)
, (7)
where μ and t0 are integration constants. In the γ = 2 case, from
Eqs. (6a) and (6b), we obtain
[
W (y)
]2−γ = 1 (2− γ )2μ2(y + c)2. (8)
4
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could simply be absent in some other coordinate systems. To quan-
tify this we can either introduce a new coordinate z satisfying
W (y)γ /2 dy ≡ W (z)dz or solve the 5D Einstein equations by set-
ting γ = 2 in (3) and replacing y there by z. We then get
ds25 = e−2μz
(
gˆμν dX
μ dXν + ρ2 dz2). (9)
One could in principle set ρ = 1 in Eq. (9) or in Eq. (7), but an
essential point here is that the scale factor and warp factor can
have quite different slopes. In natural Planck’s unit one may re-
quire ρ  1 (see below). Note that, with μ > 0, the universe must
accelerate eventually. In a sense the universe accelerates due to
a kind of back reaction of the 5D warped geometry on the usual
four-dimensional spacetime.
For the above solution the 4D effective Newton’s constant is not
ﬁnite. The reason being that in (9) z ranges from −∞ to +∞, and
hence the extra dimension has inﬁnite warped volume. In order
to get physical results, including a ﬁnite 4D Newton’s constant, we
shall introduce some elements of RS type braneworld models.
2.1. A geometrically compact extra dimension
To this end, we specify a boundary condition such that the
warp factor is regular at z = 0 where we place a 3-brane with
brane tension T3. We also introduce a bulk cosmological term Λ.
The classical action describing this set up is
S = M
3
5
2
∫
d5x
√−g5(R − 2Λ) + M
3
5
2
∫
d4x
√−gb(−T3), (10)
where gb is the determinant of the metric gab evaluated at z = 0.
Einstein’s equations are given by
GAB = − T3
2
√−gb√−g g
b
μνδ
μ
A δ
ν
Bδ(z) − ΛgAB . (11)
Eqs. (6a) and (6b) get modiﬁed as
W ′2 − ρ2
(
a˙2
a2
+ k
a2
)
W γ = − Λˆ
6
W 2+γ , (12a)
2WW ′′ − γW ′2 = − Λˆ
3
W 2+γ − τ3δ(z)
3
W 2−γ /2, (12b)
where Λˆ ≡ Λρ2 and τ3 ≡ T3ρ2, while Eq. (6c) is the same, which
is unaffected by a bulk cosmological term. One replaces δ(z) by
δ(y − y0) in the γ = 2 case. With the widely used choice that
γ = 0, we get [20]
W (y) =
√
6
μ
√
−Λˆ
sinh
[√−Λˆ (y + c)√
6
]
. (13)
By deﬁning W (y)γ /2 dy ≡ W (z)dz, we obtain
W (z) = 24μ
2
24μ2eμ|z| + Λρ2e−μ|z| , (14)
which has a smooth Λ → 0 limit. This result is nothing but an
exact solution of 5D Einstein equations with γ = 2 in Eq. (3). In
the above we demanded a Z2 symmetry about the brane’s position
at z = 0. If we relax this symmetry, then the warp factor becomes
singular at z = − 12μ ln(− 24μ
2
Λρ2
), especially, with Λ < 0. We shall
therefore consistently demand a Z2 symmetry about the brane’s
position at z = 0, irrespective of the choice Λ = 0 or Λ < 0. It is
not diﬃcult to check that Einstein’s equations are satisﬁed at z = 0
whenT3 = 24μ
2 − Λρ2
2μρ2
. (15)
The brane tension is positive when μ2 > −Λρ2/24. As in RS mod-
els [8,9], the choice Λ < 0 could be more physical.
The solution (14) is deﬁned up to a rescaling of z coordinate,
implying that
W (z) = 24μ
2
24μ2eμ(|z|+z0) + Λρ2e−μ(|z|+z0) . (16)
In the Λ = 0 case, we take z0 = 0 so that W (z) = 1 at z = 0. In the
Λ < 0 case, we take
eμz0 = 1
2
+ 1
2
√
1− Λρ
2
6μ2
. (17)
In the limit μ → 0, we get W (z) → 1 and a(t) → const (especially
when k = 0), giving rise to a 5D Minkowski or AdS5 spacetime
depending on the choice that Λ = 0 or Λ < 0.
The four-dimensional effective theory follows by substituting
Eq. (3) into the classical action (10). Here we focus on the 5D cur-
vature term from which we can derive the scale of gravitational
interactions:
Seff ⊃ M
3
5ρ
2
∫
d4x
√
−gˆ4
∫
dzW 2+γ /2
(
Rˆ4 − L0 − 2ΛW 2
)
,
(18)
where L0 ≡ ρ−2W−γ (12W ′2 +8WW ′′ −4γW ′2). As a simple ex-
ample, henceforth we take γ = 2. Hence
L0 = 12μ
2
ρ2
(
1− 160Λμ
2ρ2
(24μ2eμ|z| + Λρ2e−μ|z|)2
)
− 16μ
ρ2
(
24μ2eμ|z| − Λρ2e−μ|z|
24μ2eμ|z| + Λρ2e−μ|z|
)
δ(z). (19)
This result shows that a negative bulk cosmological term could
make the value of 4D effective cosmological constant more posi-
tive. In the particular case that Λ = 0, the above expression takes
a much simpler form
L0 = ρ−2
(
12μ2 − 16μδ(z)). (20)
The relation between four- and ﬁve-dimensional effective Planck
masses is then given by
M2Pl = M35ρ
∞∫
−∞
dz e−3μ|z| = 2M
3
5ρ
3μ
. (21)
In the limit μ → 0, the extra dimension z opens up and we thus
obtain a 5D Minkowski space (M2Pl → ∞ or G4 → 0). However,
in the generic situation with μ > 0, the 4D Newton’s constant is
ﬁnite.
Although the details and the motivations are different, the
Λ = 0 solution above bears certain features of a 5D braneworld
model discussed by Dvali et al. [21] where a cosmic (self-
)acceleration of the universe is supported by the 4D scalar cur-
vature term on the brane. In the present approach, however, the
5D spacetime is non-factorizable and the universe accelerates be-
cause of a positive curvature (R4 > 0) induced by the 5D warped
geometry.
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The above analysis can easily be extended to a set up with two
3-branes, as in RS1 braneworld model. To this end, one introduces
a 5D bulk cosmological term Λ and also speciﬁes boundary con-
ditions such that the warp factor is regular both at orbifold ﬁxed
points y = 0 and y = π where we place two 3-branes (b1 and b2)
with brane tension T (1)3 and T
(2)
3 , respectively. We start with a
canonical metric (choosing γ = 0 in (3))
ds25 = W (y)2 gˆμν dXμ dXν + ρ2 dy2, (22)
where as above 0  y  π is the coordinate for an extra dimen-
sion, which is a ﬁnite interval whose size is set by ρ .
The classical action describing this set up is
S = M
3
5
2
(∫
d5x
√−g5 (R − 2Λ) +
∫
d4x
√−gb1
(−T (1)3 )
+
∫
d4x
√−gb2
(−T (2)3 )
)
, (23)
where gb1 and gb2 are determinants of the metric gab evaluated at
y = π and y = 0. The 5D Einstein equations read
a¨
a
− a˙
2
a2
− k
a2
= 0, (24a)
W ′2
W 2
− ρ
2
W 2
(
a˙2
a2
+ k
a2
)
+ Λρ
2
6
= 0, (24b)
W ′′
W
+ ρT
(1)
3
6
δ(y − π) + ρT
(2)
3
6
δ(y) + Λρ
2
6
= 0. (24c)
The solution to Eqs. (24a)–(24b) consistent with the orbifold sym-
metry y → −y is
a(t) = 1
2
exp
(
μt
ρ
)
+ kρ
2
2μ2
exp
(
−μt
ρ
)
, (25a)
W (y) =
√
6
μ
√−Λρ2 sinh
[√−Λρ2√
6
(|y| − y0)
]
. (25b)
Note that, in computing derivatives of W , we are to consider the
metric a periodic function in y. Eq. (25b), valid for −π  y  π ,
then implies
W ′′
W
+ Λρ
2
6
+
√
−Λρ2
6
coth
(√
−Λρ2
6
(|y| − y0)
)
× [2δ(y − π) − 2δ(y)]. (26)
Note that, unlike in RS1 brane world model, we do not necessar-
ily require T (1)3 = −T (2)3 ; the brane tensions could well depend
on their positions. By placing them at y = π and y = 0, from
Eqs. (24c) and (26) we ﬁnd
T (1)3 = 2
√
−6Λρ2 coth
(√
−Λρ2
6
(π − y0)
)
, (27a)
T (2)3 = −2
√
−6Λρ2 coth
(√
−Λρ2
6
(−y0)
)
. (27b)
By deﬁning Λ ≡ −6/L2, where L is the curvature length associated
with AdS5 space, we get
W (y) = L sinh
(
ρ (|y| − y0)
)
. (28)ρμ LThe bulk singularity at |y| = y0 may be avoided by taking y0 < 0,
in which case one of the 3-branes would have a negative tension.
The Goldberger and Wise mechanism to stabilize the size of ﬁfth
dimension or radion using a nontrivial bulk scalar ﬁeld [22] may
be applied to the present model, but in this Letter we do not study
such effect.
3. Revisiting braneworld no-go theorems
The no-go theorems of [10–12] claim that vacuum solutions of
the type presented above should not exist, while we have explicitly
shown the existence of a four-dimensional de Sitter solution within
5D Einstein gravity. There arises an important question as: What
prevented the previous authors from inventing (or ruling out) the
explicit de Sitter solutions given above? To answer this question
we need to carefully examine the conditions embedded in the dis-
cussion of the earlier no-go theorems. Below we will focus on the
case of a 5D Minkowski bulk, but its generalization in higher di-
mensions should be straightforward.
3.1. No-go theorem in ﬁve-dimensions
For the metric (3), the basic equations reduce to
(5)Rμν = (4)Rμν − gˆμν
4W γ
[
(W 4)′′
W 2
− 2γW ′2
]
, (29a)
R55 = − 4
W
W ′′ + 2γ
W 2
W ′2. (29b)
Here, for simplicity, we have set ρ = 1. We may rewrite the above
two equations as follows
Rg = R gˆW−2 − 2(6− γ )W ′2W−2−γ − 4W ′′W−1−γ , (30a)
R5
5 = −4W ′′W−1−γ + 2γW ′2W−2−γ , (30b)
where Rg ≡ (5)Rμμ and R gˆ ≡ (4)Rμμ are, respectively, the curva-
ture scalars of the 5- and 4-dimensional spacetimes with the met-
ric tensors gμν and gˆμν . A linear combination of (1 − n)Wn+γ ×
Eq. (30a) and (n − 4)Wn+γ × Eq. (30b) gives (where n is an arbi-
trary constant)
(Wn)′′
n
− γ
2
W ′2Wn−2
=
[
1− n
12
(
Rg − R gˆW−2
)+ n − 4
12
R5
5
]
Wn+γ . (31)
From the 5D Einstein equations
RBA = 8πG5
(
T BA −
1
3
δBA TC
C
)
,
we obtain
(5)Rμμ = 8πG
(
−1
3
(5)Tμμ − 43 T
5
5
)
and
R55 = 8πG
(
−1
3
(5)Tμμ + 23 T
5
5
)
.
From Eq. (31) we then ﬁnd
(
A′enA
)′ − γ
2
A′2enA + 1− n
12
R gˆe
(n+γ−2)A
= 2πG5 (T g + (2n− 4)T55)e(n+γ )A, (32)
3
92 I.P. Neupane / Physics Letters B 683 (2010) 88–95where eA(y) ≡ W (y) and T g ≡ (5)Tμμ . With γ = 0, we recover the
braneworld sum rule discussed in [23].
We argue that the warp factor constraints such as
∮ ∇2W 4 = 0
and
∮ ∇(Wn−1∇W ) = 0 discussed in [10,24] are ‘strict’, which are
not essentially satisﬁed by cosmological solutions, especially, when
the extra dimensions are only geometrically compact. For clarity,
take γ = 2 and thus W (z) = eA(z) = e−μ|z| . We then ﬁnd∮
∇2W 4 ≡
∮ (
W 4
)′′ − 2γ ∮ W ′2W 2
= 4
∮
W 3W ′′ + 8
∮
W 2W ′2
=
∮
e−4μ|z|
(
12μ2 − 8μδ(z)) = 0. (33)
There can be an additional condition on the warp factor, i.e. the
ﬁniteness of 5D warped volume 1/GN ∼
∫
W 2+γ /2 = const. This
holds in the above example because of a Z2 symmetry under
z → −z.
Coming back to Eq. (32), and following [23], let us assume that
there exists a class of solutions for which
∮
(A′enA)′ = 0, which is
plausible if the extra dimension is like a closed cycle or compact.
We then ﬁnd∮ (
T g + (2n − 4)T55
)
e(n+γ )A
= 1− n
8πG5
R gˆ
∮
e(n+γ−2)A − 3γ
4πG5
∮
A′2enA .
We can get R gˆ > 0 by appropriately choosing n or γ , even if
the term on the left-hand side vanishes. This result is consistent
with some explicit de Sitter solutions of 5D Einstein equations pre-
sented above (cf. Eqs. (7)–(9)).
In the presence of a bulk cosmological constant Λ, the 5D
energy–momentum tensor is given by
T AB = − 1
8πG5
(
ΛgAB + T3
2
δ(z)P (gAB)
)
, (34)
where P (gAB) ≡ gμνδμA δνB/
√
gzz . From this we derive
T g + (2n− 4)T5 5 = −2nΛ − 2T3δ(z)
8πG5
. (35)
By demanding that Λ < 0, and with a suitable choice of n or γ ,
we can obtain a de Sitter solution, i.e. R gˆ > 0 even if the brane
tension is positive. In the case T3 < 0, the cosmic acceleration of a
four-dimensional universe seems more plausible due to an explicit
violation of 4D strong energy condition, but the choice T3 < 0 is
not well motivated (at least in a single brane set up).
In summary, our results above show that if we do not enforce
the warp factor constraint such as
∫ ∇2W 4 = 0, which does not
hold in several examples considered in this Letter, then it is pos-
sible to realize a cosmological de Sitter solution even within some
simplest or canonical warped braneworld and supergravity models.
3.2. No-go theorem in ten-dimensions
In spacetime dimensions D  6 (or m  2), with a judicious
choice of γ , we can ﬁnd de Sitter solutions with all three differ-
ent choices of the internal curvature, i.e. R(m) = 0, R(m) > 0 and
R(m) < 0. This could again be seen in contrast to the no-go theo-
rems discussed in [10,12]. We should therefore have a closer look
on the earlier no-go arguments. Assuming that ten-dimensional su-
pergravity is the relevant framework, we may write the 10D metric
asds210 = e2A(y) ds24 + ρ2eγ A(y) ds26 (36)
with
ds26 = dy2 + dy21 + · · · + dy25 ( = 0), (37a)
ds26 = dy2 + sin2 y dΩ25 ( = +1), (37b)
ds26 = dy2 + sinh2 y dΩ25 ( = −1), (37c)
where dΩ25 represents the metric of a usual 5-sphere. In the above
example, the internal 6d manifold is maximally symmetric, R˜mn =
(m − 1)g˜mn . A straightforward calculation gives
(10)Rμν = (4) Rˆμν − gˆμν
ρ2
(∇2y A + 2(2+ γ )A′2)e(2−γ )A, (38)
(10)Rmn(x, y) = (6) R˜mn − 2(2+ γ )A′2 g˜(6)mn − 2(3+ γ )∇m∂n A
− (8− (2+ γ )2)∂mA∂n A − γ
2
g˜(6)mn∇2y A, (39)
where
∇2y A =
⎧⎨
⎩
A′′,
A′′ + 10A′ cot y,
A′′ + 10A′ coth y,
(40)
respectively, for the metrics (37a), (37b) and (37c). In the particular
case that γ = 2, we get [12]
(10)Rμν = (4) Rˆμν − gˆμν
ρ2
(∇2y A + 8A′2)
= (4) Rˆμν − gˆμν e
−8A(y)
8ρ2
∇2ye8A(y). (41)
On the other hand, from the 10D Einstein equations RAB −
(1/2)gAB R = 8πG10T AB , we obtain
(10)Rμν = 8πG10
(
Tμν − 1
8
e2A gˆμν T
C
C
)
,
(10)Rμμ = 4πG10
(
Tμμ − Tmm
)
. (42)
The above result shows that, with
∫ ∇2ye8A(y) = 0, a de Sitter
spacetime (with (4) Rˆ > 0) cannot be realized without sources of
T00 which violate the positive energy condition, i.e. without vio-
lating the condition Tmm − Tμμ  0 (see also the discussion below
Eq. (2.15) in [15]). This is the no-go theorem of Maldacena and
Nunez [12].
The above discussion is special at least from two aspects. First,
it only covered the case γ = 2, for which e(2−γ )A = 1 for any
choice of A(y). Second, the condition on the warp factor, i.e.∫ ∇2ye8A(y) = 0 is ‘strict’ and it is not always satisﬁed, especially, in
the presence of some brane sources. Further, the 6d metric of the
form (37a)–(37c) was not suﬃciently general as it contained no
free parameter that can be tuned or ﬁxed according to the choice
of γ in the warp factor. By relaxing the condition like
∮ ∇2yenA = 0
(where n is some constant) or some other similar constraints one
should expect de Sitter solution to be easy to realize. Below we
will give a couple of explicit examples.
4. An explicit model in D = 10 dimensions
Let us generalize the 6d metric in Eq. (37a)–(37c) as follows
ds26 = g(6)mn(y)dym dyn ≡ h(y)dy2 + f (y)ds2X , (43)5
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to be a usual ﬁve-sphere S5 or some other compact Einstein man-
ifolds. One of the well motivated examples is the Einstein–Sasaki
space (S2 × S2) S1 with metric [25]
ds2X5 =
1
6
(
e2θ1 + e2φ1 + e2θ2 + e2φ2
)+ 1
9
e2ψ, (44)
where eθi = dθi , eφi = sin θi dφi and eψ ≡ dψ + cos θ1 dφ1 +
cos θ2 dφ2, (θ1, φ1) and (θ2, φ2) are coordinates on each S2 and
ψ is the coordinate of a U (1) ﬁber. One could in principle start
with six-dimensional deformed conifold metrics without any con-
ical singularities, such as in [26,27], or a deformed six-sphere as
considered in [28], but we ﬁnd the metric ansatz (43) suﬃciently
simple for the purpose of solving 10D Einstein equations analyti-
cally. For the Ansätze (36) and (43), a straightforward calculation
gives
(10)Rμν(x, y)
= (4) Rˆμν − gˆμνe
(2−γ )A
ρ2h
(∇2y A + 2(2+ γ )A′2)
= (4) Rˆμν(x) − gˆμνe
(2−γ )A
ρ2h
×
[
A′′ + 1
2
(
5 f ′
f
− h
′
h
)
A′ + 2(2+ γ )A′2
]
, (45)
R yy = −8+ 5γ
2
A′′ − 2(2− γ )A′2 + (8+ 5γ )h
′A′
4h
− 5γ f
′A′
4 f
+ 5
4
(
f ′2
f 2
+ h
′ f ′
hf
− 2 f
′′
f
)
, (46)
(10)Rpq = (6)Rpq − g˜pq
(
γ f A′′
2h
+ γ (2+ γ ) f A
′2
h
+ (8+ 9γ ) f
′A′
4h
− γ f h
′A′
4h2
)
, (47)
where ′ ≡ ∂/∂ y and
(6)Rpq =
(
4− 3 f
′2
4hf
− f
′′
2h
+ h
′ f ′
4h2
)
g˜pq. (48)
In the above g˜pq denote the metric components of the base
space X5, which are independent of the y coordinate.
Example 1. Assume that h(y) = 1 and f (y) ≡ α1(y − y0)2. The 6d
metric takes the form
ds26 = g(6)mn(y)dym dyn ≡ dy2 + α1(y − y0)2 ds2X5 . (49)
With y0 = 0, y measures the radius of the base space X5, so the
coordinate range is 0 y ∞. Especially, when α1 = 1, the metric
(49) is singular at y = y0. This leads to an undesirable result that
the warp factor eA(y) vanishes at y = y0. To see this one can solve
the 10D Einstein equations explicitly. The solution is given by
eA(y) =
(
3μ2(2− γ )2(y − y0)2
32
)1/(2−γ )
,
α1 ≡ (2− γ )
2
8
, (50)
with the same scale factor as given in (7). This yields
∇2y A =
8
(2− γ )(y − y0)2 +
4δ(y)
(2− γ )(y − y0) . (51)
As is evident, this solution does not satisfy the constraint like∮ ∇2y A = 0 or ∮ ∇2yenA(y) = 0.Example 2. Assume that h(y) = sinh2(y − y0) and f (y) ≡
α1 cosh
2(y − y0). The 6d metric is
ds26 = sinh2 (y − y0)dy2 + α1 cosh2 (y − y0)ds2X5 . (52)
With α1 ≡ (2 − γ )2/8, the 10D Einstein equations are explicitly
solved for
eA(y) =
(
3μ2(2− γ )2 cosh2 (y − y0)
32
)1/(2−γ )
. (53)
The 10d metric solution is given by
ds210 = e2A(y)
(
ds24 +
32ρ2 tanh2(y − y0)
3μ2(2− γ )2
×
(
dy2 + (2− γ )
2
8
coth2(y − y0)ds2X5
))
∝ u4/(2−γ )
(
ds24 +
32ρ2
3μ2(2− γ )2u2
×
(
du2 + (2− γ )
2
8
u2 ds2X5
))
, (54)
where u ≡ cosh(y − y0) ≡
√
32/3μ2(2− γ )2 e(2−γ )A/2. This gives
∇2y A =
8 tanh2(y − y0)
(2− γ ) +
4 tanh(y − y0)δ(y)
(2− γ ) . (55)
From Eq. (45) we then obtain
(10)Rμν
= (4) Rˆμν − gˆμν
ρ2
(
3μ2 + 3μ
2(2− γ )
8
coth (y − y0)δ(y)
)
.
(56)
The exact solution above violates the warp factor constraint like∫ ∇2yenA = 0. Moreover, the 6d warped volume is not constant.
Rather it scales as Vw6 ∼
∫
dΩ5
∫
e(2+3γ )A√g6 dy ∼
∫
u
14+γ
2−γ du. Al-
though one can hope to get an ideal situation with almost constant
or slowly varying warped factor, for instance, by invoking some
non-perturbative effects (as in KKLT model [16]) or introducing
certain α′ corrections, the solution above is interesting is the re-
gard that the radius modulus, which scales as |tanh y|, is constant
in the limit y → ∞ [17]. Further, unlike with some singular coni-
fold metrics considered in the literature, for instance [26,29], our
solution is regular everywhere.
Coming back to the metric (49), it is not diﬃcult to see that
the singularity of this metric at y = y0 (especially, when α1 = 1)
is just a coordinate artifact. To quantify this, we may introduce a
new coordinate z, which is related to the usual coordinate y via
y ∝ e−λz (where λ is some constant). The 10D metric that explic-
itly solves all of the Einstein equations and is consistent with Z2
symmetry (z → −z) about the brane’s position (z = 0) is
ds210 = e2A(z)
(
ds24 +
8ρ2
3μ22
dz2 + 4ρ
2
3μ2
ds2X5
)
,
A(z) = −|z|

− A0
2
. (57)
From this, we derive ∇2z A = −(2/)δ(z) and hence
(10)Rμν = (4) Rˆμν − 3μ
2 gˆμν
2
(
−2 δ(z) + 8
2
)
. (58)8ρ  
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satisﬁes ∇2z A = 0. In this case, a four-dimensional de Sitter solu-
tion with (4) Rˆ00 < 0 is still possible, but there arises an impor-
tant difference: since z ranges from −∞ to +∞, the 6d warped
volume can be arbitrarily large. Typically, Vw6 ∼
∫
e8A
√
g˜6 ∼
64
√
2
27 e
−4A0 ∫ dΩ5 ∫ dz e−(8/)z , where ∫ dΩ5 = 1108 ∫ d(cos θ1) ×
d(cos θ2)dφ1 dφ2 dψ = 16π3/27. To get a sensible result with an
almost constant warped volume (or slowly varying warp factor),
we need to send  → ∞ or take e−4A0 → 0.
The metric solution (54) is already regular everywhere, but we
may introduce some brane sources at y = y0 and then solve the
10d Einstein equations with proper regularity conditions at y = y0.
This was in fact done quite recently in the second paper in [17],
so in the following discussion we only consider the metric solu-
tion (57).
To solve the Einstein equations at z = 0, we shall write
GBA = τp P
(
gBA
)
, (59)
where P (gBA) is the pull-back of the spacetime to the world vol-
ume of the p-brane (3 p  8) with tension τp . We shall impose
a Z2 symmetry at the brane’s position at z = 0. The warp factor
will then have a discontinuity in its ﬁrst derivative, implying that
∂|z|/∂z = sgn(z) and ∂2|z|/∂z2 = 2δ(z). We then obtain
Gzz
∣∣
z=0 = 0, GNM
∣∣
z=0 =
6μ2
ρ2
eA0δ(0)ηNM , (60)
where (M,N) = t, xi, θi, φi,ψ . We only consider the simplest case
that p = 8, for which the brane extends to all of the dimensions
except along the z-direction and thus P (gBA) = δ(z)/
√
gzz . Ein-
stein’s equations are satisﬁed at z = 0 when
τ8 = 4
√
6μ
ρ
. (61)
From Eq. (57) we derive
M2Pl =
M810
(2π)6
32
√
2ρ6e−4A0
27μ6
∫
dΩ5
∞∫
−∞
dz e−8|z|/
≈ M
8
10
π3
16
√
2ρ6e−4A0
729μ6
. (62)
In the above we made the approximation
∫∞
−∞ dz e
−8|z|/ ≈ /4,
which is reasonably good when z → ∞. Note that the warping
becomes stronger away from the brane at z = 0. This feature is
similar to that in RS single brane model.
4.1. Positive energy condition
For several explicit solutions given above, inﬂationary cosmol-
ogy is possible without violating any energy condition in the full
D-dimensions. To quantify this, we can make an ansatz for the
stress–energy tensor of the form
T BA = τp P
(
gBA
)+ T BA . (63)
T BA represents the contribution of bulk matter ﬁelds. In D = 5 di-
mensions, and with γ = 2, we have
R5
5 − R00 =
[
6W ′2
W 2
− 3W
′′
W
− ρ2 3a¨
a
]
1
ρ2W 2
,
where W (z) = e−μ|z| . In order not to violate the 5D null energy
condition (NEC) we require R55 − R00  0. In the simplest casethat TAB = 0, we ﬁnd R55 − R00 = 6μ/ρ2 > 0 on the brane and
R55 − R00 = 0 in the bulk. Similarly, for the 10D solution given
above, Eq. (57), we ﬁnd
R˜mn g˜
mn − R00
=
[
15− 57
2
8
W ′2
W 2
− 39
2
8
W ′′
W
− ρ
2
μ2
3a¨
a
]
μ2
ρ2W 2
,
where W (z) = e−|z|/ . Again, R˜mn g˜mn − R00 = 0 in the bulk and
> 0 on the brane. There is no violation of any energy condition in
the full D-dimensional spacetime, and no violation of the null en-
ergy condition in four dimensions. This result can be understood
also from the viewpoint that the NEC can be violated only by
introducing non-standard bulk matter ﬁelds (i.e. T00 < 0) or by
introducing negative tension branes or orientifold planes [15] that
may serve as sources of the NEC violation in a subspace of the
internal manifold.
The above explicit results may appear in conﬂict with a
claim made in [30], where it was argued that to get a four-
dimensional de Sitter space solution one may have to violate the
ﬁve- and higher-dimensional null energy conditions or allow a
time-dependent Newton’s constant or even both. There is perhaps
no contradiction here, since the discussion in [30] may apply only
to a particular model with physically compact extra spaces, sup-
plemented with additional constraints on the warp factor. String
theory can, of course, accommodate some NEC violating objects,
such as negative tension branes and orientifold planes [15], but in
our view such objects are not necessary just to get an accelerating
universe from higher-dimensional Einstein’s theory.
In conclusion, we have proposed an alternative scenario to con-
ventional explanation to cosmic acceleration, by embedding a four-
dimensional de Sitter spacetime into higher-dimensional space-
times. We have shown the existence of inﬂationary cosmology in
a wide class of metrics, obtaining explicit cosmological solutions
both in ﬁve- and ten-dimensions, which do not violate the higher-
dimensional positive energy condition. In D = 10 dimensions, our
solutions correspond to the dimensional reduction to four dimen-
sions of d = 10 supergravity (with zero ﬂux), where the spacetime
is a warped product of a four-dimensional de Sitter space dS4 and
a six-dimensional Einstein space E6 (with arbitrary curvature). We
only took into account contributions from brane sources and met-
ric ﬂux (arising as a nontrivial effect of the internal curvature), so
the present construction may be viewed as a local model. The no-
go arguments for de Sitter solutions as simple as the one given
for classical supergravities with ﬂuxes [11,12] or the one for string
ﬂux compactiﬁcations [15] may not be applied to our examples
because we considered less symmetric spacetimes with arbitrary
curvatures, and also relaxed some of the conditions imposed on
the warp factor.
One of the remarkable features of our model is that the brane
tension is induced not by a bulk cosmological constant but by the
curvature related to the expansion of the physical 3 + 1 space-
time, which appears to vanish only in the limit where the scale
factor becomes a constant. The universe accelerates when μ > 0,
giving rise to a nontrivial warp factor, and the brane tension be-
comes positive. There is no static limit of our solutions: the scale
factor (of the universe) becomes a constant (in a spatially ﬂat FRW
universe) only when μ = 0, but in this case the warp factor is
also constant and the brane tension vanishes. In the generic sit-
uation with a Z2 symmetry about the brane’s position, and with
a nonzero Hubble parameter, the four-dimensional Newton’s con-
stant is effectively ﬁnite.
Within our model the four-dimensional effective cosmological
constant is given by Λ4 = 6μ2/ρ2, to leading order. It is clearly
determined in terms of two length scales: one is a scale associated
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and the other is a scale associated with the curvature related to
the expansion of the physical three spaces, which also determines
the slope of warp factor. This could just be due to a general fact
that the warp factor relates energy scales on compactiﬁed spaces
to those in 3+ 1 spacetime.
We conclude with the following remark. Recently, important
steps have been taken in the literature toward investigating min-
imal de Sitter solutions in type IIA and IIB string theory [31–33].
In most of these works, one adopts a common notion that the low
energy effective potential (and hence the gravitational vacuum en-
ergy density of our universe) is a sum of the effects from different
regions of the internal manifold, supergravity ﬂuxes and effects of
localized sources like branes and orientifold planes, and then check
certain conditions under which the effective potential allows one
or more metastable de Sitter minima. Though this exercise seems
reasonable from a viewpoint of effective ﬁeld theory, it would be
more beneﬁcial to know some explicit cosmological solutions at
least within some workable models; we leave the analysis of this
nature, speciﬁc to our metric choices, for subsequent work.
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